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1. INTRODUCTION
In this note we are concerned with the question, which homomorphic im-
ages of an innite transitive group of nitary permutations do again have
faithful representations by nitary permutations? Recall that every nitary
permutation of a set  xes a conite subset of . In particular, nitary
permutation groups are locally nite. Finitary permutations are special in-
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stances of nitary transformations of a vector space V , that is, transforma-
tions which x a subspace of nite codimension in V . Groups of nitary
transformationsso-called nitary linear groupsgeneralize the notion of
linear groups.
It is well known that homomorphic images of linear groups need not be
linear again (see [16, Sect. 6]). Even worse, B. A. F. Wehrfritz has given
examples of linear groups with images, which do not admit any faithful
nitary linear representation [17]. On the positive side, it is well known
that Zariski closed normal subgroups of linear groups lead to linear factor
groups (see [16, Theorem 6.4]). Moreover, there is the very remarkable ob-
servation, due to R. E. Phillips and J. G. Rainbolt, that every homomorphic
image of a periodic linear group with trivial unipotent radical is linear [13].
This latter result has been generalized by B. Wehrfritz to quotients of arbi-
trary linear groups modulo periodic normal subgroups with trivial unipotent
radical [18].
In view of these results it seems natural to ask which images of ni-
tary linear groups are again nitary linear. The canonical extension of the
Zariski topology does not behave satisfactorily in this respect [19]. And up
to now there is just a collection of special instances of normal subgroups
in nitary linear groups, which lead to nitary quotients [12, Theorem 8.5,
19]. Our aim here is therefore to give the best possible description of the
situation in the very rst case, when the group under consideration is a
transitive group of nitary permutations. This should be quite instructive
for the more general case of irreducible nitary linear groups, since ev-
ery such imprimitive group acts as a transitive nitary permutation group
on the set of nite-dimensional blocks of any system of imprimitivity [11,
2.2.3].
A full description of the structure of innite transitive nitary permuta-
tion groups can be found in 9; 10; 14. The only such primitive groups are
the alternating group Alt and the full nitary symmetric group FSym
(see [21, Satz 9.4]). The alternating group is simple and has index two in
FSym. Both groups just admit their natural representation as the only
faithful transitive nitary permutation representation (Proposition 2.4).
Innite imprimitive nitary permutation groups fall into two classes,
almost-primitive groups and totally imprimitive groups. Almost-primitive
groups contain just nitely many normal subgroups [14], and the results
of [14] allow a straightforward description of their nitary images (see
Section 2).
Therefore we are mainly concerned here with totally imprimitive sub-
groups of FSym. In this situation  is the union of an ascending chain
of nite G-blocks, whence  and G are countable. The point stabilizers of
totally imprimitive nitary permutation representations of G will be char-
acterized as follows.
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Theorem A. Let G be a totally imprimitive subgroup of FSym. The
subgroup K of G is the point stabilizer of some totally imprimitive nitary
permutation representation of G if and only if
(A.1) K is a subgroup of nite index in the setwise stabilizer G1 for
some nite G-block 1 in , and
(A.2) for every nite subgroup F of G, all but nitely many G-
conjugates of F are contained in K.
Note that every transitive nitary permutation representation of a totally
imprimitive (resp. almost-primitive) group on an innite set is totally im-
primitive (resp. almost-primitive or primitive) again, since totally imprimi-
tive groups are precisely those innite transitive nitary permutation groups
which do not contain an innite simple section [14]. On the other hand, ev-
ery subgroup of nite index in a transitive nitary permutation group G
contains the derived subgroup G′, so that G′ acts trivially in every permu-
tation representation of G on a nite set [10, Theorem 1 and Lemma 2.1].
In the situation of Theorem A it will also turn out that K contains the
derived subgroup of the pointwise stabilizer G1 for some nite G-block 1
in  (Proposition 3.4). This will allow us to derive the following criterion
concerning the number of nitary permutation representations of G.
Theorem B. The totally imprimitive subgroup G of FSym has un-
countably many inequivalent totally imprimitive nitary permutation represen-
tations if and only if
(B.1) the point stabilizer H in G has an innite elementary-abelian
quotient H/N , and
(B.2) for every nite subgroup F ofG, all but nitely manyG-conjugates
of F are contained in N .
In this case G has 2ℵ0 inequivalent faithful totally imprimitive nitary per-
mutation representations.
Note that every totally imprimitive nitary permutation group has in-
nitely many inequivalent faithful totally imprimitive nitary permutation
representations (Lemma 3.1), while an almost-primitive nitary permuta-
tion group just admits nitely many inequivalent almost-primitive nitary
permutation representations (Theorem 2.5).
The conditions in Theorem B are particularly easy to use in the case
where G is an iterated wreath product of innitely many nite transitive
permutation groups (Theorem 4.1), but we shall also derive a handy suf-
cient condition under which certain non(locally solvable) totally imprimitive
nitary groups have uncountably many totally imprimitive nitary permu-
tation representations (Theorem 4.2).
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With the aid of Theorem A, kernels of nitary permutation representa-
tions of G can be described.
Theorem C. Let M be a proper normal subgroup of the totally imprimitive
subgroup G of FSym.
(a) If M is the kernel of some nitary permutation representation with
all orbits innite, then for every nite subgroup F of G there exists a nite G-
block 1 in  such that suppF ⊆ 1 and FG ∩M =
T
g∈GFG ∩MG1g.
(b) If for every nite subgroup F of G there exists a nite G-block 1 in
 such that suppF ⊆ 1 and FG ∩M = FG ∩
T
g∈GMG1g, then M is
the kernel of some nitary permutation representation with all orbits innite.
The right side of the equation in (a) consists of precisely those elements
in FG which act on each G-translate of 1 like some element from FG ∩
M , while the right side of the equation in (b) consists of precisely those
elements in FG which act on each G-translate of 1 like some element
from M . In both situations, FG ∩M is a full direct product of nite
groups with supports 1g g ∈ G. The condition in (b) implies the condition
in (a), and it is not clear whether the converse holds for kernels M of
nitary permutation representations. At least we can show that the converse
holds when G/M has no proper abelian normal subgroup (Theorem 6.2),
or when M is contained in the normal closure of a nite subgroup of G
(Theorem 6.3). The latter applies in particular in the case where G is an
iterated wreath product of nite transitive permutation groups.
If the totally imprimitive group G is perfect, then the kernel of any ni-
tary permutation representation of G satises the condition in part (a) of
Theorem C. Example 6.4 will show, however, that not every normal sub-
group of a perfect totally imprimitive nitary permutation group satises
this condition.
We shall also consider nitary linear quotients of transitive nitary per-
mutation groups. Every such quotient with trivial unipotent radical is a
nitary permutation group again (Theorems 2.2, 2.3, 6.5).
Before embarking on proofs, let us recall a couple of basic properties
of any innite transitive subgroup G of FSym, which will be used fre-
quently in the sequel and without further reference.
Since G contains just elements of nite support, any proper G-block
in  is nite. In particular, every intransitive normal subgroup of G has
nite orbits and hence nite exponent. The derived subgroup G′ is the
unique minimal transitive normal subgroup of G (see [10, Theorem 1]). In
particular, G′ is perfect, and every subnormal transitive subgroup of G is
normal in G. Moreover, every normal subgroup of G′ is normal in G (see
[10, Theorem 3.3]), and G has a trivial center [20].
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2. ALMOST-PRIMITIVE GROUPS
In this section images of almost-primitive subgroups G of FSym will
be considered. Every such group G satises W ′ = G′ ≤ G ≤ W; where
W denotes a wreath product of the form F wr6 FSym6 (F nite) in its
natural nitary action on  = F × 6 (see [10, Theorem 3]). In particular,
since W/W ′ is nite, every transitive normal subgroup of G has nite index
in W . We shall therefore concentrate on intransitive normal subgroups M
of G. Note also that every normal subgroup of G is normalized by W ′ and
hence is normal in W .
In the sequel, B will denote the base group of W . Since the orbits of the
intransitive normal subgroup M are nite, and since W/B contains an in-
nite simple section, M is contained in B. Let M˜ be the full direct product,
which is generated by the images of the projections of M into the compo-
nents of B. Obviously W/M˜ ∼= F/F ∩ M˜wr6 FSym6, and GM˜/M˜ is a
transitive subgroup of W/M˜ , since it contains the derived subgroup of W/M˜ .
Proposition 2.1. For every intransitive normal subgroup M of the almost-
primitive nitary permutation group G the section G ∩ M˜/M is nite and
coincides with the center of G/M .
Proof. We adopt the notation introduced above. In addition, Fσ will
denote the σ-component in B σ ∈6. The section M˜/M is nite by [14,
Lemma 2(iv)]. The top group of W acts highly transitively on 6. Hence
for every m˜ ∈ M˜ ∩ Fσ and for every w ∈ W there exists m ∈ M such that
m acts like m˜ on F × σ, and such that the intersection of the supports
of w and m is contained in F × σ. It follows that m˜;w = m;w ∈ M .
Since M˜ = Drσ∈6M˜ ∩ Fσ, this shows that M˜/M is contained in the center
of W/M . On the other hand W/M˜ is an almost-primitive or primitive nitary
permutation group, whence the transitive subgroup G/G∩ M˜ ∼= GM˜/M˜ of
W/M˜ must have a trivial center.
Theorem 2.2. Let M be an intransitive normal subgroup of the almost-
primitive nitary permutation group G.
(a) M is the kernel of a transitive nitary permutation representation of
G if and only if G/M has a trivial center.
(b) M is the kernel of a nitary permutation representation of G if and
only if G′/G′ ∩M has a trivial center.
Proof. (a) If G/M has a trivial center, then M = G ∩ M˜ by Propo-
sition 2.1. And the quotient G/G ∩ M˜ is a transitive nitary permutation
group. Conversely, if G/M is a transitive nitary permutation group, then
its center must be trivial.
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(b) From Proposition 2.1, the quotient G′/G′ ∩M has a trivial center
if and only if G′ ∩M = G′ ∩ M˜ . Suppose rst that G′ ∩M = G′ ∩ M˜ . Let
C = G′M . Then C ∩ M˜ = G′ ∩ M˜M = M . The quotient G/C is nite,
and the quotient GM˜/M˜ is a nitary permutation group. Hence G/M is a
nitary permutation group as subdirect product of these quotients.
Conversely, suppose that G/M is a nitary permutation group. Since
G ∩ M˜/M is a central section of G/M , it must act trivially on every innite
G/M-orbit. Moreover, G′ must act trivially on every nite G-orbit. Hence
M contains M˜ ∩G′, and M˜ ∩G′ =M ∩G′.
In the case of almost-primitive groups we can even describe all the ker-
nels of nitary linear images.
Theorem 2.3. The intransitive normal subgroupM of the almost-primitive
nitary permutation group G is the kernel of a nitary linear representation of
G if and only if the center of G′/G′ ∩M is elementary-abelian.
Proof. Suppose rst that there exists a K-vector space V such that G =
G/M is a group of nitary transformations of V . From Schur’s Lemma,
the central section G ∩ M˜/M acts trivially on every innite-dimensional G-
composition factor in V . Moreover, since innite alternating groups contain
nite p-groups of arbitrarily large solubility lengths, they cannot occur as
sections of linear groups [16, 9.20 and 9.4], and thus G′ is the smallest
normal subgroup in G with a linear quotient. In particular, G′ acts trivially
on every nite-dimensional G-composition factor in V . The intersection
N = M˜ ∩G′M/M must then be contained in the unipotent radical of G,
whence N is a central and unipotent subgroup of the nitary linear group
G′. Since N corresponds to the center M˜ ∩G′/M ∩G′ of G′/M ∩G′ under
the canonical isomorphism G′ ∼= G′/M ∩G′, it remains to show that N is
elementary-abelian.
Now V; h is a nite-dimensional G-invariant subspace of V for every
h ∈ N . Therefore V;N has an ascending G-series with nite-dimensional
factors. But the perfect almost-primitive group G′ admits no proper linear
quotient. Thus an easy induction along the ascending series ensures that
V;N;G′ = 0. In particular, N stabilizes a series of length at most two
in V . And so the periodic group N must be elementary-abelian.
Conversely, if the nite central section N = M˜ ∩ G′M/M of G is
elementary-abelian, then G is a subdirect product of the quotients G/K,
where K ranges over all subgroups of index p in M˜ ∩G′M which containM .
We may therefore assume without loss that N has order p. Suppose for
a moment that we can produce a nitary linear representation ϕ of G
satisfying N ∩ kerϕ = M . Then G is a subdirect product of the nitary
linear groups G/G′M , GM˜/M˜ , and G/ kerϕ. This shows that it sufces to
nd ϕ.
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To this end, we recall the notation introduced at the beginning of this
section and identify F with a xed component in the base group B = F 6
of W = F wr6 FSym6. From replacing F by F/F ∩ M˜ ′ ·OpM˜ we may
assume that M˜ is an abelian p-group. There exists a chief factor X/Y in
F ∩ M˜ such that
N ∩MY 6 =M < N = N ∩MX6:
From replacing F by F/Y we may assume that Y is trivial. The Krasner
Kaloujnine embedding F → X wrF/X induces a canonical embedding,
W → X wrF/Xwr6 FSym6 ≤ X wr1 FSym1;
where 1 = F/X × 6. Note that X is cyclic of order p, so that X1 can
be viewed as a vector space over the eld GFp. Since W acts transitively
and hence almost-primitively on X × 1, the normal subgroup M of W is
even normal in X wr1 FSym1. We may thus consider the action of G by
conjugation on U = X1M/M . Note that the subgroup N of X1M acts
trivially here. Because the wreath product is a nitary permutation group,
G acts as a group of nitary transformations on U . Let pi: G→ FSym1
denote the canonical projection of G into the top group of X wr1 FSym1,
and dene fg ∈ X1 via g = gpi · fg for every g ∈ G. Let R (resp. S)
be a left transversal of M in N (resp. of N in G), with R ⊆ X1. Put
T = S · R. We now extend the conjugation action of G on U to a nitary
linear representation ϕ on the GFp-vector space V = U ⊕ v via
v; gϕ = ftM ∈ U
whenever g = tm with t ∈ T , m ∈ M . Clearly, M ≤ kerϕ. Conversely, if
g = rm ∈ N ∩ kerϕ with r ∈ R, m ∈ M , then r ∈ X1 gives rpi = 1, while
g ∈ kerϕ implies fr ∈M . It follows that N ∩ kerϕ =M , as desired.
Let us nally point out that, in contrast to the situation for totally im-
primitive nitary permutation groups, almost-primitive nitary permutation
groups admit only a few nitary permutation representations.
Proposition 2.4. Every innite primitive nitary permutation group ad-
mits just one transitive nitary permutation representation on an innite set,
namely the natural one.
Proof. Let Alt6 ≤ G ≤ FSym6, and suppose that G acts as a tran-
sitive nitary permutation group on the innite set 0. Since G′ is innite
and simple, we have G′ = Alt0 too. From [1, Corollary 3.5], the complex
vector space V = 0;G is an irreducible G-module. Hence [1, Theo-
rems A and B] yield V ∼=G 6;G. (Note that for alternating groups the
results from [1] used above can also be found in [4].)
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For every g ∈ G there is some σg ∈ 6 \ supp6g. The action of g on the
basis σ − σg  σ ∈ 6 − σg of V is similar to the action of g on 6 −
σg. Consider the decomposition of g into a product of disjoint cycles in
FSym6. Each n-cycle gives rise to an occurrence with multiplicity one of
every nth root 6= 1 of unity in the Jordan normal form of the transformation
g of V . The above consideration holds likewise with 0 in place of 6. This
shows that the cycle structure of g is independent of whether we consider
g as an element in FSym6 or in FSym0.
We aim to show next that, for every nite subset 60 of 6, the sub-
group Alt60 of G acts naturally on 0. Assume that this fails for a cer-
tain 60 = σ1; : : : ; σn+1 of smallest possible size. Clearly n ≥ 3. Now
X = Altσ1; : : : ; σn acts naturally on its support γ1; : : : γn in 0. And
the 3-cycle y = n − 1 n n + 1 in Y = Alt60 must move an additional
symbol γn+1 ∈ 0. If y = γi γn+1 γn+2 for some i ≤ n and γn+2 /∈ 00 =
γ1; : : : ; γn+1, then y would commute with the stabilizer of the point γi
in X. This could only happen when n = 3. But then γ1 γ2 γ3 · y would be
an element of order 5 in the alternating group Y of degree 4. This shows
that 00 is the support of Y = X; y in 0. But now Y = Alt00 acts on
00 with point stabilizer X = Alt00 \ γn+1. This action is similar to the
action of Y by right multiplication on the set X\Y  of right cosets of X
in Y , and hence is similar to the natural action of Y . This contradicts the
initial assumption on 60.
Consider three 3-cycles σ1 σ2 σ3, σ1 σ4 σ5, σ1 σ6 σ7 in Alt6,
where σ1; : : : ; σ5 are supposed to be distinct. These 3-cycles are contained
in a nite alternating subgroup of G, which is represented naturally on its
support in 0. The rst two 3-cycles have a unique common γ1 ∈ 0 in their
support, which must also show up in the support of the third 3-cycle, and
hence of any 3-cycle moving σ1. For any 3-cycle g in G, the centralizer
CGg is the direct product of g with the pointwise stabilizer in G of the
support of g in 6, or likewise in 0. In particular, the stabilizer H in G of
σ1 can be written as the union over all O3CGg; where g ranges over
all 3-cycles moving σ1. And this union is contained in the stabilizer of γ1.
Both stabilizers are maximal subgroups in G, so that they are equal. Now
the actions of G on 6 and on 0 are both natural, because they are both
similar to the action of G on H\G.
Theorem 2.5. Every almost-primitive nitary permutation group has just
nitely many inequivalent transitive nitary permutation representations.
Proof. We shall use the notation introduced at the beginning of this
section. Let K be the point stabilizer of a transitive nitary permutation
representation of G. We may assume that this is the action of G by right
multiplication on the set K\G of right cosets of K in G. Since G has
just nitely many nite quotients, we only need to consider the case where
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K\G is innite. Then the kernel of the action of G on K\G is intransi-
tive and is contained in B. Now G′ = W ′ = D o Alt6, where D denotes
the set of all base group functions f : 6→ F in B, for which Qσ∈6σf ∈ F ′
(see [8, Corollary 1.4.9]). In particular, Alt6 ≤ G, and the B ∩G-orbits
in K\G are maximal G-blocks. From Proposition 2.4, the group G/B ∩G
acts naturally on the system of imprimitivity formed by these blocks. There-
fore K ≤ G1 for some B ∩G-orbit 1 = F × σ in  = F × 6.
We aim to show next that G1;G1 ≤ K. To this end, let N denote the
core of K in G1, and consider elements a; b ∈ G1. Choose a transversal
T of N in G1. Since Alt6 acts highly transitively on 6, there exists
g ∈ Alt6 \ σ such that suppTg ∩ suppb = Z. Now Tg is a transversal
of N in G1 too, and so a = tgh for certain h ∈ N , t ∈ T . it follows that
a; b = tgh; b = tg; bhh; b = h; b ∈ N ≤ K:
It remains to show that G1;G1 has nite index in G1; up to con-
jugacy there are just nitely many choices for K then. However, because
Alt6 acts highly transitively on 6, it is straightforward that G1;G1 =
D1 o Alt6 \ σ, whenceG1 x G1;G1 ≤ (B o FSym6 \ σ x (D1 o Alt6 \ σ
= 2 · B x D1 = 2 · F  · B1 x D1 ≤ 2 · F 2 <∞:
3. POINT STABILIZERS IN TOTALLY IMPRIMITIVE GROUPS
In the remaining parts of this paper, G will always denote a totally imprim-
itive subgroup of FSym, that is, a transitive subgroup of FSym such
that every nite subset of the innite set  is contained in a nite G-block.
The proof of Theorem A will require the following two technical lemmata.
Lemma 3.1. Let G be a totally imprimitive subgroup of FSym, and let
1 be a nite subset of . Then G1 is the point stabilizer of a transitive nitary
permutation representation of G.
Proof. Let 1 = δ1; : : : ; δn, and consider the diagonal action of G on
the cartesian power n. Let 0 be the G-orbit of the tuple δ1; : : : ; δn
in n. Clearly G1 is the point stabilizer in G with respect to the action
on 0. It therefore sufces to show that G acts nitarily on 0. Since G is a
totally imprimitive subgroup of FSym, the nite set 1 is contained in a
nite G-block 3 ⊂ . It follows that 0 is contained in 6 = St∈G3tn . But
every g ∈ G xes all but nitely many G-translates of 3 pointwise, so that
g acts nitarily on 6 too.
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Lemma 3.2. Let G be a transitive subgroup of Sym with point stabilizer
H, and let T be a right transversal of H in G. Then g ∈ G acts nitarily on
 if and only if gt
−1 ∈ H for all but nitely many t ∈ T .
Proof. The action of G on  is equivalent to the action of G on the
set H\G of right cosets of H in G via right multiplication. And so the
element g ∈ G acts nitarily on  if and only if Htg = Ht for all but nitely
many t ∈ T . But this condition is equivalent to gt−1 ∈ H for all but nitely
many t ∈ T .
Remark 3.3. Condition (A.2) in Theorem A is equivalent to
(A.2′) For every nite subgroup F of G there exists a nite G-block
1F in  such that FG ∩G1F ≤ K.
Here 1F can always be chosen such that 1 ⊆ 1F ; then K has a nite index
in G1F too.
Proof. Suppose rst that K contains all but nitely many conjugates of
the nite subgroup F of G. Since the intransitive normal subgroup FG of
G has nite orbits in , there exists a nite G-block 1F ⊇ 1 in  which
is the union of FG-orbits and contains the supports of all those nitely
many G-conjugates of F , which lie outside K. Now FG ∩G1F ≤ K.
Suppose next that there exists a nite G-block 1F in  such that FG ∩
G1F ≤ K. We may assume that 1F contains the support of F , and that
1F is a union of FG-orbits. Then the supports of all but nitely many
G-conjugates of F are disjoint from 1F , whence these conjugates are con-
tained in FG ∩G1F .
Proof of Theorem A. Suppose rst that conditions (A.1) and (A.2) are
satised. We aim to show that G acts nitarily on K\G via right multipli-
cation. Consider a xed element g in G. From (A.2′) there exists a nite
G-block 1∗ ⊇ 1 in  such that gG ∩G1∗ ≤ K. Because G1 has a nite
index in G1∗, we may replace 1 by 1∗ without loosing condition (A.1).
Let S (resp. T ) denote a right transversal of K in G1 (resp. of G1 in
G) with 1 ∈ T . Note that S · T is a right transversal of K in G. Since T is
also part of a right transversal of G1 in G, Lemmata 3.1 and 3.2 ensure that
gt
−1 ∈ G1 for all but nitely many t ∈ T . But G1 normalizes G1, and so
gst
−1 = gt−1s−1 ∈ G1s
−1 ∩ gG = G1 ∩ gG ≤ K
for all s ∈ S and all but nitely many t ∈ T . However, S is nite, whence
gst
−1
/∈ K for at most those nitely many s · t, for which gt−1 /∈ G1. Now
Lemma 3.2 yields that g acts nitarily on K\G.
Conversely, let K be the point stabilizer and M be the kernel of a totally
imprimitive nitary permutation representation of G on the innite set 6
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= K\G. Then K/M is a subdirect product of nite groups Kj j ∈ω. Let
Lii∈ω be a tower of nite subgroups of K with union K. Choose another
such tower Fjj∈ω, such that the image of the projection of K/M onto
K0 × · · · × Kj equals the image of the projection of FjM/M onto K0 ×
· · · ×Kj . For each i there exists ji such that LiM/M projects trivially onto
Kji+1 ×Kji+2 × · · · : Therefore Li;LiM/M is contained in Li; F
g
ji
M/M ,
no matter how we choose g ∈ K.
Next, let 0 be a K-orbit in . Assume that 0 is innite. Let N de-
note the kernel of the action of K on 0. Since K acts nitarily, there
is g ∈ K such that Li; Fgji  ≤ N (see [9, Lemma 3.2]). It follows thatK;K = Si∈ωLi;Li ≤ N ·M and K/N′ ≤MN/N . But innity of 6 im-
plies that G′ is not contained in M . Thus M acts intransitively on . Hence
expM <∞ and expK/N′ <∞, in contradiction to the innity of 0 (see
[9, Theorem 1]). This contradiction shows that 0 is nite. In particular, 0
is contained in a nite G-block 1 ⊂ , whence K ≤ G1. The right cosets
of G1 form a system of imprimitivity with respect to the action of G on
K\G. Hence K must have a nite index in G1. It remains to verify
condition (A.2′).
To this end, let F be a nite subgroup of G, and let J = FG. Choose
a nite G-block 11 ⊆  containing 1 ∪ suppF . Then J ≤ G11 and J x
J ∩ K ≤ G11 x K < ∞. From enlarging F slightly we may assume that
J = FJ ∩K. There also exists a nite G-block 31 in 6 containing supp6F .
Now G31 is the point stabilizer of the totally imprimitive action of G on
the set of all G-translates of 31. It therefore follows as above that G31
satises (A.1) in place of K, that is, G31 is a subgroup of nite index in
G12 for some nite G-block 12 ⊇ 11 in .
Let S be a right transversal of G12 in G with 1 ∈ S, and consider
J0 = Fg  g ∈ G12. Then J = Drs∈SJs0, where suppJs0 ⊆ 12s for all
s ∈ S. Since G31 is contained in G12, the set of all cosets of K in G,
which are contained in G12, form a nite G-block 32 ⊇ 31 in 6, and
G32 = G12. Moreover, supp6Js0 ⊆ 32s for all s ∈ S. Therefore
J ∩G12 = Dr16=s∈SJs0 = J ∩G32 ≤ K:
It is evident from the conditions in Theorem A that every intersection of
nitely many point stabilizers of various totally imprimitive nitary permu-
tation representations of G is again the point stabilizer of a totally imprim-
itive nitary permutation representation of G. The following observation
will be useful in the proof of Theorem B.
Proposition 3.4. Let G be a totally imprimitive subgroup of FSym.
If K is the point stabilizer of some totally imprimitive nitary permutation
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representation of G, then the nite G-block 1 in Theorem A may be so chosen
that G1;G1 ≤ K.
Proof. Choose 1 as in Theorem A, and let N denote the core of K in
G1. Consider a transversal T of N in G1, and choose a nite G-block
1∗ in  which contains 1 and suppT . Since G1 is a subgroup of nite
index in G1∗, condition (A.1) holds with 1∗ in place of 1. Moreover, given
any two elements a; b ∈ G1∗ , there exist t ∈ T and h ∈ N such that a = th,
whence
a; b = th; b = t; bhh; b = h; b ∈ N:
This shows that G1∗;G1∗  ≤ N ≤ K, and so we may replace 1 by 1∗.
Proof of Theorem B. If conditions (B.1) and (B.2) are satised, then H
has 2ℵ0 subgroups of nite index which contain N . From Theorem A, all
these subgroups are point stabilizers of faithful totally imprimitive nitary
permutation representations of G. Since G is countable, we have thus found
2ℵ0 such inequivalent representations.
Conversely, suppose that G has uncountably many inequivalent totally
imprimitive nitary permutation representations. Then there exist uncount-
ably many subgroups K in G which satisfy the conditions in Theorem A
and in Proposition 3.4. Since  is countable, there are just countably many
nite G-blocks in . Hence there is a nite G-block 1 such that G1
contains uncountably many subgroups K of nite index, which satisfy con-
dition (A.2) and which contain G1;G1. Since G1 has a nite index in
G1, every subgroup of nite index in G1 is contained in just nitely many
different subgroups of G1. From Lemma 3.2 it now follows that the in-
tersections K ∩G1 form an uncountable family L0 of subgroups of nite
index G1, which satisfy condition (A.2) and which contain G1;G1. Let
N0 denote the intersection of all groups in L0. Note that G1/N0 is innite
and abelian. In fact, we may also assume that all groups from L0 have the
same index in G1. Then G1/N0 has a nite exponent. The groups L/N0
L ∈ L0 have uncountably many different p-parts for some xed prime p.
From replacing each L by its product with the preimage of the p′-part of
G1/N0 we may assume that G1/N0 is an innite abelian p-group of nite
exponent.
Next, let Fii∈ω be an ascending chain of nite subgroups with union
G. Without loss, F0 ∩G1 6≤ N0. However, some intersection L0 of nitely
many groups in L0 satises L0 ∩ F0 ≤ N0. As above we may replace every
group in L0 by its intersection with L0. Since there are just countably many
nite G-blocks in , there are a nite G-block 10 ⊇ 1 and an uncountable
subfamily L1 of L0 such that FG0  ∩G10 is contained in each group from
L1. Let N1 denote the intersection of all groups in L1. Again G1/N1 is
innite.
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Iteration of the above argument produces a tower 1ii∈ω of nite G-
blocks and an ascending chain of subgroups Nii∈ω in G1 such that
(1) Ni+1 contains FGi  ∩G1i for all i,
(2) Fi ∩G1 6≤ NiFi−1 ∩G1 for all i, and
(3) Ni+1 ∩ Fi ≤ Ni for all i.
Let N = Si∈ω Ni. As in Remark 3.3, property (1) implies that N satises
(B.2). Property (3) yields Fi ∩Nj = Fi ∩Ni for all j ≥ i, and thus Fi ∩N =
Fi ∩Ni for all i. Assume that Fi ∩G1N = Fi−1 ∩G1N for some i. Then
Fi ∩G1 ≤ Fi ∩NFi−1 ∩G1
= Fi ∩NFi−1 ∩G1 ≤ NiFi−1 ∩G1:
This contradiction to property (2) shows that Fi−1 ∩G1N/N is a proper
subgroup of Fi ∩ G1N/N for all i. In particular, G1/N is an innite
abelian p-group of nite exponent.
Let G1/X denote the largest elementary-abelian p-quotient in G1. Then
G1 is a subgroup of nite index in H, and X is normal in H. Choose a nite
subgroup E in H such that H = EG1. Since suppE is nite, EH is nite
too. Hence H/X is the extension of the nite normal subgroup Y/X =
EHX/X by an innite elementary-abelian p-group. It follows that the
quotient H/NY = G1Y/NY satises (B.1). And clearly NY satises (B.2).
4. TOTALLY IMPRIMITIVE REPRESENTATIONS OF
ITERATED WREATH PRODUCTS
The content of Theorem B will now be illustrated with an application
to innite iterated wreath products W = wrn∈ω Fn = F0 wr31 F1 wr32 F2
wr · · · of nite transitive permutation groups Fn ≤ Sym3n. Such a wreath
product W is the direct limit of the iterated wreath products W0 = F0 and
Wn = Wn−1 wr3n Fn = F0 wr31 F1wr · · ·wr3n Fn n ≥ 1;
with respect to the canonical embedding of Wn−1 onto a xed component
of the base group of Wn (corresponding to νn ∈ 3n). As in [6], we shall
consider W as a totally imprimitive nitary permutation group on the set
 = λnn∈ω ∈ Y
n∈ω
3n  λn = νn for all but nitely many n ∈ ω
}
via λnx = λ′n for x ∈ Fi where
λ′n =
(
λnx if n = i and λm = νm for all m > n,
λn else.
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For each n, the set 1n = suppWn = λm ∈   λm = νm for all m > n is
a nite W -block in . To achieve a uniform notation, let 1−1 = νnn∈ω
and W−1 = 1.
Consider the point stabilizer H = W1−1 in W . Clearly H = Drn∈ωHn
where Hn denotes the pointwise stabilizer of 1n−1 in Wn. Note that Hn is
isomorphic to Wn−1 wr3n\νn En, where
En denotes the stabilizer of νn in Fn.
Therefore Hn/H ′n is a direct product of a positive number of copies of Fi/F
′
i
0 ≤ i ≤ n − 1 and a copy of En/E′n (see [8, Theorem 1.4.8]). Here the
copies of Fi/F
′
i are induced from the ith layer of the wreath product Wn.
Theorem 4.1. The innite iterated wreath product W = F0 wr31 F1 wr32
F2 wr · · · of nite transitive permutation groups Fn ≤ Sym3n has uncount-
ably many inequivalent totally imprimitive nitary permutation representations
if and only if there exists a prime which divides Fn/F ′n·En/E′n for innitely
many n.
Proof. We use the notation introduced above. Suppose rst that there
exists a prime p dividing Fn/F ′n · En/E′n for innitely many n. Let N =
H ′0 ×Drn≥1Nn; where Nn = H ′nHn ∩ W Wn−2. For every n, the subgroup
N of H contains every W -conjugate of Wn whose support is contained in
 \1n+1. Moreover, H/N contains a copy of Drn≥1Fn−1/F ′n−1×En/E′n. In
particular, H/N has an innite elementary-abelian p-quotient. Now Theo-
rem B yields 2ℵ0 inequivalent faithful totally imprimitive nitary permuta-
tion representations for W .
Conversely, suppose that W satises (B.1) and (B.2). Condition (B.2)
ensures that there exists an increasing and unbounded sequence inn∈ω
of natural numbers in ≤ n−1 such that N contains Hn ∩ W Win  for all n.
Therefore the elementary-abelian p-section W1/N can only be innite when
p divides Fn/F ′n or En/E′n for innitely many n.
Theorem 4.1 implies, for example, that the iterated wreath product of
innitely many nite alternating groups of degrees ≥ 6 in their natural
action has just countably many totally imprimitive nitary permutation rep-
resentations, while an iterated wreath product of innitely many copies of
the alternating groups of degree 5 in its natural action admits uncountably
many totally imprimitive nitary permutation representations.
Note also that there is no relation at all between the number of totally
imprimitive nitary permutation representations of a given totally imprimi-
tive nitary permutation group and those of its transitive subgroups. To see
this, consider rst the iterated wreath product wrn∈ω Symdn of innitely
many nite symmetric groups of degrees dn ≥ 6. This group has uncount-
ably many totally imprimitive nitary permutation representations, but it
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contains the transitive subgroup wrn∈ω Altdn, which admits just countably
many totally imprimitive nitary permutation representations. Conversely,
the afne special linear group ASLm;p (p prime) in its natural action is
a semidirect product of a regular elementary-abelian subgroup of order pm
by the special linear group SLm;p, which constitutes the point stabilizer.
Here SLm;p and ASLm;p are perfect provided m > 2, or m = 2 and
p > 3. Hence, for such values of mn and p, the group wrn∈ω ASLmn;p
has just countably many totally imprimitive nitary permutation represen-
tations, but it contains the wreath product of elementary-abelian groups
of orders pmn as transitive subgroup, which of course admits uncountably
many totally imprimitive nitary permutation representations.
However, there are situations where a transitive subgroup G of an iter-
ated wreath product W is related more closely to W than in the above ex-
amples. Namely, we say that W = wrn∈ω Fn is an enveloping wreath product
for G if G is a transitive subgroup of W such that W1n = G1nW1nW Wn−1
for all n. Note that every totally imprimitive nitary permutation group
G is contained in an enveloping wreath product W with primitive fac-
tors Fn. If Fn is nonabelian, then maximality of the point stabilizer En
implies that Fn/F ′n occurs as a quotient of En/E
′
n. Therefore we only con-
sider the abelianization of En in the following handy criterion.
Theorem 4.2. Let W = wrn∈ω Fn be an enveloping wreath product for
the totally imprimitive nitary permutation group G with primitive factors
Fn ≤ Sym3n. Suppose that there exists a prime p which divides En/E′n
for innitely many n. Then G has uncountably many inequivalent totally im-
primitive nitary permutation representations.
Proof. We stick to the notation introduced at the beginning of this
section, and let Bn = W Wn  for all n. The normal subgroup L =
Q
n∈ω
G ∩ Bn ∩ W1n of the point stabilizer K = H ∩ G contains almost all
G-conjugates of every nite subgroup of G. Assume that the largest
elementary-abelian p-quotient K/N of K/L is nite. Then there exists a
nite subgroup Y in G such that K = YN . Choose n such that Y ≤ Bn−1,
and such that p divides En/E′n. Since W is an enveloping wreath prod-
uct for G, we have EnW1nBn−1 = HBn−1 = KW1nBn−1; and there exists
a nite subgroup X in K such that XW1nBn−1 is a normal subgroup of
index p in HBn−1. But now K/K ∩ XW1nBn−1 ∼= HBn−1/XW1nBn−1, so
that K = YN ≤ XW1nBn−1. This contradiction shows that K/N is innite,
whence G has uncountably many inequivalent totally imprimitive nitary
permutation representations by Theorem B.
In Theorem 4.2, we cannot remove the assumption that En is nontrivial
for innitely many n. This is shown by the following example.
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Example 4.3. The innite wreath product W = wrn∈ω Fn of cyclic
groups F2i ∼= Cp of xed prime order p and of alternating groups
F2i+1 ∼= Altdi of degrees di ≥ 6 in their natural action is an enveloping
wreath product for a transitive subgroup G which admits just countably
many totally imprimitive permutation representations.
Proof. Again we shall use the notation introduced at the beginning of
this section. Let G = Sn∈ω Gn, where G0 = 1, and where Gn+1 is the
derived subgroup of Gn wrCp wr Altdn ≤ W2n+1.
Suppose by induction that Gn is perfect. Then Gn+1 is the subgroup
of Gn wrCpwr Altdn generated by Gn, by Altdn, and by all base
group functions f : 1; : : : ; dn → Cp for which
Q
iif = 1 see [8, Corol-
lary 1.4.9]). Since the alternating group is 2-transitive, it follows that Gn+1
is perfect. We have thus shown that Gn is perfect for all n. From the above
structure of Gn it is obvious that W is an enveloping wreath product for G.
We shall conclude by showing that each H ∩ Gn is perfect. Then the
point stabilizer in G is perfect, whence G has just countably many totally
imprimitive nitary representations by Theorem B. However, H ∩Gn+1 is
generated by Alt2; : : : ; dn, by those base group functions as above, for
which in addition 1f = 1, and by H ∩ GGn+1n . It follows that H ∩Gn+1
is isomorphic to the direct product of H ∩Gn with the derived subgroup of
Gn wrCp wr Altdn−1. And as above, this latter group is perfect. Therefore
induction ensures that H ∩Gn is perfect too for each n.
In the above example we could as well replace the cyclic factors by wreath
products of nitely many cyclic groups, since each such wreath product
contains a regular abelian subgroup. At present it is not clear, however,
whether a locally solvable totally imprimitive nitary permutation group,
for which there exists a prime p such that the orders of the p-elements
are unbounded, always has uncountably many totally imprimitive nitary
permutation representations. Evidently, this holds for locally solvable pi-
groups, where pi is a nite set of primes (Theorem B), and for locally
solvable iterated wreath products (Theorem 4.1).
The relationship between a totally imprimitive permutation group G and
its enveloping wreath product W becomes slightly more satisfactory when
G is dense in W with respect to the topology of pointwise convergence, that
is, when W1n = G1nW1n for all n (see Proposition 5.3). But even in this
case the enveloping wreath product W of a totally imprimitive permutation
group G with many totally imprimitive permutation representations can
have few totally imprimitive permutation representations.
Example 4.4. The derived subgroup of the innite wreath product W =
wrn∈ω Fn of a cyclic group F0 of prime order and of alternating groups
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Fn ∼= Altdn of degrees dn ≥ 6 in their natural action has uncountably
many totally imprimitive permutation representations.
Proof. Once again we stick to the notation introduced at the be-
ginning of this section. For each n, let Xn = W ′ ∩ B ∩ Wn, where B =
FW0 . Moreover, let Nn be the join of all W -conjugates of Xn whose sup-
port is disjoint from 1n. Finally, N shall denote the semidirect product
Nn  n ∈ ω o H ∩Q, where Q is the derived subgroup of wrn≥1 Fn.
Since H ∩W ′ = H ∩W ′ ∩ B o H ∩ Q, the quotient H ∩W ′/N is
isomorphic to the elementary-abelian section H ∩W ′ ∩ B/N ∩ B of B.
Consider Yn = x ∈ Xn  suppx ⊆ 1n \ 1n−1 and Zn = Yn ∩ XWn−1. For
the elements a; b ∈ Fn ∼= Altdn corresponding to 1245 resp. 2345,
and for w ∈ B ∩Wn−1 \Xn−1, we have wa; b ∈ Yn \ Zn. Moreover, Y =
Drn∈ωYn ≤ H ∩W ′ ∩ B and N ∩ Y = Drn≥1Zn. Therefore YN/N ∼= Y0 ×
Drn≥1 Yn/Zn is an innite section in H ∩W ′/N . In view of Theorem B
it remains to show that N contains almost all W -conjugates of every nite
subgroup F of W ′. But every such F is contained in XnQ for some n, and
so every W -conjugate of F , whose support is disjoint from 1n, is indeed
contained in NnH ∩Q ≤ N .
5. TOPOLOGICAL CONSIDERATIONS
Every intersection of nitely many point stabilizers of various totally
imprimitive nitary permutation representations of the totally imprimitive
group G is again the point stabilizer of a totally imprimitive nitary permu-
tation representation of G. Therefore G becomes a topological group with
respect to the topology in which the point stabilizers of all totally imprim-
itive nitary permutation representations form a system of open neighbor-
hoods of the identity. This topology will be called the representation topology
on G.
Proposition 5.1. Let G be a totally imprimitive nitary permutation
group with the representation topology.
(a) Every proper open subgroup of G is the point stabilizer of a totally
imprimitive nitary permutation representation of G.
(b) A proper normal subgroup M of G is closed if and only if G/M
has a faithful permutation representation such that G/M acts as a totally
imprimitive nitary permutation group on each orbit.
Proof. (a) Every open subgroup U of G contains a point stabilizer K
of some totally imprimitive nitary permutation representation of G on the
set K\G via right multiplication. The cosets of U in G form a system of
representations of nitary groups 541
imprimitivity, and U is the point stabilizer of the totally imprimitive action
of G on this system of imprimitivity.
(b) If M is closed, then it is the intersection of all subgroups of the
form MK where K is open in G. From (a), every such group MK is a point
stabilizer of some totally imprimitive nitary permutation representation
of G.
It follows from Proposition 5.2 and Example 6.4 that not every closed
normal subgroup of G is the kernel of a nitary permutation representation
of G.
Question. Under which circumstances are closed normal subgroups ker-
nels of nitary permutation representations?
There exists a natural topology on G which is weaker than the repre-
sentation topology, and which is related to the original permutation repre-
sentation of G on . Namely, this is the topology in which the pointwise
stabilizers of nite subsets of  form a system of open neighborhoods of
the identity (see [3]). We shall refer to this topology as the topology of
pointwise convergence.
In general, the topology of pointwise convergence is much weaker than
the representation topology. This can be seen as follows. The topology of
pointwise convergence has a countable basis of open neighborhoods of the
identity, and every open subgroup U contains one member H of this basis.
Since G acts nitarily on H\G, the index of H in U is nite. It follows
that there are just countably many open subgroups in G with respect to
the topology of pointwise convergence. However, Theorem B provides ex-
amples of totally imprimitive nitary permutation groups with uncountably
many point stabilizers.
Quite amazingly, the following proposition shows that closedness of nor-
mal subgroups is independent of which of the two topologies one considers.
Proposition 5.2. Let M be a normal subgroup of the totally imprimitive
nitary permutation group G. The following are equivalent.
(1) G/M has a trivial center.
(2) M is closed in G with respect to the topology of pointwise conver-
gence.
(3) M is closed in G with respect to the representation topology.
Proof. Suppose rst that G/M is a proper quotient with a trivial center.
Then M is intransitive. Let M denote the closure of M in G with respect
to the topology of pointwise convergence. Clearly M = Ti∈ωMG1i for a
tower 1ii∈ω of nite M-invariant G-blocks with union . Consider h ∈
M and g ∈ G. Choose j such that suppg ⊆ 1j . Since each element in
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MG1j acts on 1j like an element from M , there exists m ∈ M satisfying
h; g = m;g ∈M . This shows that the section M/M is central in G. And
so (2) follows from (1).
The topology of pointwise convergence is weaker than the representation
topology.
Suppose nally that (3) holds, and assume that z;G ≤ M for some
z ∈ G \M . By Theorem 5.1(b) there exists a kernel N ≥ M of some totally
imprimitive nitary permutation representation of G such that z ∈ G \N .
This contradicts the fact that G/N has a trivial center.
Note also that the two topologies cannot be distinguished on the local
level of normal closures of nite subgroups: Property (A.2) of the point
stabilizer K of a totally imprimitive nitary permutation representation of
G shows that FG ∩ K is open in FG with respect to the topology of
pointwise convergence.
Proposition 5.3. Let G be a subgroup of the totally imprimitive subgroup
W of FSym.
(a) G is dense in W with respect to the topology of pointwise conver-
gence if and only if G′ = W ′.
(b) If G is dense in W with respect to the topology of pointwise conver-
gence, and if W has uncountably many totally imprimitive permutation repre-
sentations, then G too has uncountably many totally imprimitive permutation
representations.
Proof. (a) Consider elements x; y ∈ W . Let 0 = suppx. Since G is
dense in W , there exist a ∈ G and b ∈ W0 such that y = ab. It follows that
x; y = x; ax; ba = x; a. Let 1 = suppa. Again there exist c ∈ G and
d ∈ W1 such that x = dc. Hence x; y = x; a = d; acc; a = c; a ∈ G′.
This shows that W ′ = G′.
(b) Consider two totally imprimitive permutation representations σ;
τ: W → FSymω. It sufces to show that σ G = τG implies σ = τ. From
the above, σ and τ coincide on W ′. Consider some w ∈ W . For every z ∈
W ′ we have wσ; zσ = w; zσ = w; zτ = wτ; zτ = wτ; zσ. Hence
W ′σ is centralized by wσ · wτ−1. But the transitive subgroup W ′σ of
FSymω has a trivial centralizer in FSymω. It follows that wσ = wτ.
Example 4.4 shows that, in the situation of Proposition 5.3, is it impossi-
ble to replace the word uncountably with the word countably.
6. FINITARY IMAGES OF TOTALLY IMPRIMITIVE GROUPS
Theorem 6.1. Let G be a totally imprimitive subgroup of FSym, and
suppose that M is the kernel of a totally imprimitive nitary permutation rep-
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resentation of G. For every nite subgroup F of G there exists a nite G-block
1 in  such that suppF ⊆ 1 and FG ∩M =
T
g∈GFG ∩MG1g.
Proof. Let K be the point stabilizer of the given totally imprimitive
action of G with kernel M . Consider a xed nite subgroup F of G. From
(A.1) and (A.2′) there is a nite G-block 1 in  containing suppF such
that K ≤ G1 and FG ∩G1 ≤ K. Let 1ii∈ω denote a tower of nite
G-blocks containing 1, with union . For each i, let(FG ∩M
i
= \
g∈G
(FG ∩MG1ig:
Then\
i∈ω
(FG ∩G1(FG ∩Mi ⊆ \
g∈G
\
i∈ω
(FG ∩G1(FG ∩MG1ig:
The right side of the above formula is the closure of FG ∩G1FG ∩
M in G with respect to the topology of pointwise convergence. But this
product is closed in G as the intersection of the closed subgroup FG with
the open subgroup G1 · FG ∩M. Hence\
i∈ω
(FG ∩G1(FG ∩Mi ⊆ (FG ∩G1(FG ∩M:
However, FG ∩G1 has a nite index in FG, whence(FG ∩G1(FG ∩Mi = (FG ∩G1(FG ∩M for some i.
It follows that
FG ∩ M ⊆ (FG ∩M
i
⊆ \
g∈G
(FG ∩G1g(FG ∩Mi
= \
g∈G
(FG ∩G1g(FG ∩M ⊆ \
g∈G
(FG ∩Kg
= FG ∩M:
It remains to replace 1 with 1i.
In the situation of Theorem 6.1 the condition
T
g∈GFG ∩MG1g =
FG ∩M is of course also satised for every nite G-block 1∗ containing
1, since FG ∩M ⊆ Tg∈GFG ∩MG1∗g ⊆ Tg∈GFG ∩MG1g.
Proof of Theorem C. (a) Suppose rst that G/M has a faithful ni-
tary permutation representation with innite orbits. If there are just nitely
many orbits, then Theorem A yields that M is the kernel of a totally im-
primitive nitary permutation representation of G. In this case Theorem 6.1
applies.
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Suppose now that there are innitely many orbits. Since G/M is count-
able, we have in fact only countably many orbits 00; 01; : : : : Let Mk denote
the kernel of the action of G on 00 ∪ · · · ∪ 0k. Again Mk is the kernel of
a totally imprimitive nitary permutation representation of G. Consider a
xed nite subgroup F of G, and choose k such that F acts trivially on 0l
for all l ≥ k+ 1. Then Theorem 6.1 provides a nite G-block 1 such that
FG ∩M ⊆ \
g∈G
(FG ∩MG1g
⊆ \
g∈G
(FG ∩MkG1g = FG ∩Mk = FG ∩M:
(b) Suppose that M satises the condition in part (b) of Theorem C.
Let 1ii∈ω be a tower of nite G-blocks with 10 = 1 and with union
, and let Fi = g ∈ G  suppg ⊆ 1i for each i. By assumption, for
each i there exists ji ≥ i such that FGi  ∩M = FGi  ∩Mji; where Mj =T
g∈GMG1jg. Consider the canonical homomorphism
ϕ: G→ Dri∈ωG/FGi Mji+1 :
It follows as in [5] (see [15, Theorem 2.5]) that M = Ti∈ωFGi Mji+1 =
kerϕ. It sufces to show now that
FGi Mji+1 =
\
g∈G
FGi  ·M ·G1ji+1g
for each i; then the open subgroup FGi  ·M ·G1ji+1 is the point stabilizer of
a totally imprimitive nitary permutation representation of G with kernel
FGi Mji+1 .
For simplicity of notation, we consider a xed i and let j = ji+1. The
inclusion
FGi Mj = FGi  ·
\
g∈G
MG1jg ⊆
\
g∈G
FGi  ·M ·G1jg
is obvious. Conversely, let x ∈ Tt∈T FGi  ·M ·G1jt where T denotes a right
transversal of G1j in G. For each t ∈ T there exist ft ∈ FGi , mt ∈ M ,
and ht ∈ G1jt such that x = ftmtht . From Lemmata 3.1 and 3.2 there is a
conite subset T0 in T such that xt
−1 ∈ G1j for all t ∈ T0. We may hence
assume that ft = 1 = mt for all t ∈ T0. Since suppFi ⊆ 1i ⊆ 1j , we may
further assume that suppft ⊆ 1jt for all t ∈ T \ T0. Let f =
Q
t∈T\T0 ft .
Then x = fmtht for all t ∈ T , where mt = mf ·f
−1
t
t ∈ M and ht = f−1ftht ∈
G1jt . It follows that x ∈ FGi  · 
T
t∈T MG1jt = FGi Mj .
We have not been able to decide whether every kernel M of a nitary
permutation representation of G with all orbits innite satises the stronger
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condition in part (b) of Theorem C. However, the following result shows
that this is at least the case when G/M has no proper abelian normal
subgroup.
Theorem 6.2. Let M be a proper normal subgroup of the totally im-
primitive subgroup G of FSym, such that G/M has no nontrivial abe-
lian normal subgroup. Then M is the kernel of some nitary permutation
representation with all orbits innite if and only if for every nite subgroup
F of G there exists a nite G-block 1 in  such that suppF ⊆ 1 and
FG ∩M = FG ∩Tg∈GMG1g:
Proof. In the presence of part (b) of Theorem C, it sufces to show
the necessity of the condition. Suppose that G/M is a nitary permutation
group with all orbits innite. Consider a nite subgroup F in G, and choose
a nite M-invariant G-block 1 in  which contains suppF . Let M0 =T
g∈GMG1g. Since every element in M0 acts on 1 like an element from
M , we obtain F;M0 = F;M ≤ M . Therefore, FG ∩M0M/M is an
abelian normal subgroup in G/M which must be trivial by the hypothesis.
The situation is even better for iterated wreath products of nite transi-
tive permutation groups.
Theorem 6.3. Suppose that the proper normal subgroup M of the totally
imprimitive subgroup G of FSym is contained in the normal closure EG
of some nite subgroup E of G. Then the following are equivalent.
(a) M is the kernel of a totally imprimitive nitary permutation repre-
sentation.
(b) M is the kernel of a nitary permutation representation with all
orbits innite.
(c) There exists a nite G-block 1 in  such that M = Tg∈GMG1g.
(d) M is the normal closure in G of a nite group.
Proof. If M is the kernel of some nitary permutation representation
with all orbits innite, then part (a) of Theorem C readily gives a nite
G-block 1 such that suppE ⊆ 1 and
M = EG ∩M = \
g∈G
(EG ∩MG1g = \
g∈G
MG1g:
This equation implies that M = FG where F = m ∈M  supp m ⊆ 1:
Finally, if M = FG for some nite F ≤ G, we choose a nite G-block
1 containing suppF . Then M is contained in the normal subgroup N of
all elements in G which stabilize all G-translates of 1 setwise. We consider
G as a subgroup of X wr6 FSym6 where 6 is the set of N-orbits in ,
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and where X is the subgroup of Sym1 induced from the action of G1.
Then G/M is isomorphic to a subgroup of the totally imprimitive nitary
permutation group X/FXwr6 FSym6.
Examples of nonnitary quotients in perfect totally imprimitive nitary
permutation groups will be provided now.
Example 6.4. For any prime p, the derived subgroup of the innite
iterated wreath product G = Cp wrCp wrCp wr · · · of cyclic groups of order
p contains a normal subgroup M such that the quotient G′/M has a trivial
center and no faithful nitary permutation representation.
Proof. Let G = F0 wrF1 wrF2 wr · · · ; where each Fi is a copy of the
cyclic group of order p. Then G is the union of the ascending chain of
subgroups Gn = F0 wr · · ·wrFn n∈ω, where Gn is the 1-component of
Gn+1. Let B1 = ζG1 ≤ FG0  ∩ G′, let Bn = BGn1  for n ≥ 1, and let
B = Sn≥1 Bn = BG1  = BG′1 . We construct the subgroup A = Sn≥1An
of B recursively via A1 = 1 and An+1 = AGn+1n ; an+1; where the element
an+1 ∈ Bn+1 \ AGn+1n  is so chosen that an+1;Gn+1 ≤ AGn+1n . Since each
An is normal in Gn, the group A is a normal subgroup in G.
Our next aim is it to show that An = Bn ∩ A for every n. Note that
BGn+1n  = Bn × · · · × Bn is just the direct product of p copies of Bn, which
are permuted cyclically by the cycle c = 12 · · ·p in the top group of
Gn+1 = Gn wrCp. Therefore we can write an+1 = bn; 1; : : : ; bn;p with
bn; i ∈ Bn. By construction we have an+1; c ∈ AGn+1n , so that b−1n; ibn; i+1 ∈
An for all i. Assume there is an index i such that bn; i ∈ An. Then bn; i+1 ∈
An too, whence bn; i ∈ An for all i, and an+1 ∈ AGn+1n . This contra-
diction shows that bn; i ∈ Bn \ An for all i. In particular, Bn ∩ An+1 =
Bn ∩ AGn+1n  = An. Thus induction gives
Bn ∩An+j+1 = Bn ∩ Bn+j ∩An+j+1 = Bn ∩An+j = An for all j ∈ ω;
and this yields An = Bn ∩A.
As explained at the beginning of Section 4, the group G has a natural
nitary permutation action on a countable set , and the supports 1n of
the groups Gn form a tower of nite G-blocks with union . We shall show
next that A 6= Mn =
T
g∈G′ AG
′
1ng
for each n. To this end we consider
an+1 = bn; 1; : : : ; bn;p as above. Since bn; 1 ∈ Bn \ An it is obvious that
bn; 1; 1; : : : ; 1 ∈ Mn \ A. In fact, we even have bn; 1; 1; : : : ; 1 ∈ Mn \
Mn+1 for every n, so that Mnn∈ω is a strictly descending chain. It is evident
now that the subgroup M = Tn∈ωMn of BG′1  is a normal subgroup in G′
which fails to satisfy the condition in Theorem 6.3. By Proposition 5.2, the
quotient G′/M has a trivial center.
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Example 6.4 is based on the fact that every nite p-group has a nontrivial
center.
Question. Do there also exist nonnitary quotients in perfect totally
imprimitive nitary permutation groups which are not a p-group for some
prime p?
We shall nally give necessary conditions for the structure of nitary
linear quotients of totally imprimitive nitary permutation groups G. Note
that every periodic abelian group is nitary linear, since its divisible hull
embeds into the multiplicative group of a direct power of copies of the
algebraic closure of the eld . We shall therefore concentrate on quotients
modulo intransitive normal subgroups of G.
Theorem 6.5. Let M be an intransitive normal subgroup of the totally
imprimitive nitary permutation group G. If G/M is an irreducible group of
nitary transformations, thenG/M is a totally imprimitive nitary permutation
group.
Proof. Let M˜ denote the group of all elements in G which leave the
M-orbits invariant. The quotient G/M˜ of G/M is a totally imprimitive ni-
tary permutation group on an innite set. Therefore [2, (4.2) and (4.3)]
and [7, Theorem B] imply that the irreducible nitary linear group G/M
is nonlinear and imprimitive. In particular there exist a nite-dimensional
vector space V0 and an innite set 6 such that G/M can be considered
as a subgroup of the wreath product W = Lwr6 FSym6, where L ≤
GLV0 is an irreducible linear group, and where W acts canonically on
V = V0 ⊗6. Moreover, G/M projects onto a transitive subgroup of the top
group FSym6. The normal subgroup g ∈ G  gM ∈ L6 of G does not
contain G′; therefore it is intransitive and of nite exponent. A well-known
result of Burnside (see [16, 1.23]) yields that L is nite. In particular, W is
a nitary permutation group in its natural action on L× 6. But G/M acts
transitively on 6. So L × 6 has just nitely many G/M-orbits, and they
are innite. Now Theorem A gives the assertion.
Since every nitary linear group with a trivial unipotent radical is a sub-
direct product of irreducible nitary linear groups [12, Proposition 1], it
follows immediately that every unipotent-free nitary linear quotient of the
totally imprimitive nitary permutation group G is a nitary permutation
group.
Corollary 6.6. Let M be an intransitive normal subgroup of the totally
imprimitive nitary permutation group G. If G/M is a group of nitary trans-
formations, then G/M is the extension of a nilpotent normal p-subgroup of
nite exponent by a nitary permutation group.
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Proof. Dene M˜ as in the proof of Theorem 6.5. Consider the intersec-
tion N/M of M˜/M with the unipotent radical of the nitary linear group
G/M . Then G/N is a nitary permutation group. If the characteristic p
of the underlying eld is zero, the section N/M is trivial. Otherwise it is
a p-group. The intransitive normal subgroup N of G is a subdirect power
of a xed nite group F . Therefore the nilpotency class of every nite sub-
group of the p-section N/M is bounded by a function of F . In particular
N/M is nilpotent and of nite exponent.
In the above situation, there exists a G/M-series of nite length and
with elementary-abelian factors in N/M . And since G is a nitary permu-
tation group, the conjugation action of G/M on each of these factors is
nitary linear. It remains open whether every quotient of G with these
properties is nitary linear.
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